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Abstract

Image inpainting process is used to develop the
damaged image or missing part of the image. This
technique has more applications, such as text removal
in the image, photo restoration and etc. There are
different methods used in image inpainting, such as
nonlinear partial differential equations, wavelet
transformation, framelet transformation, etc. In this
study a linear diffusion PDE method for image
inpainting is considered. And to solve this linear PDE
a numerical method was developed. Also, different
diffusion conductivity, such as constant and non-
constant, were considered for this method. Linear
diffusion PDE method was compared with existing
non-linear diffusion PDE methods. For an any
inpainting method, there exists an error associated
with it. So, two different methods were considered to
find a relationship between error and inpainting
domain.

1. Introduction

Inpainting has been carried out by professional
artists for many years. When done manually, it is a
very time-consuming process. The basic idea of this
process is to reconstruct damaged parts or missing
parts of an image. It has important value in restoration
of old photographs; the removal of artifacts in a film;
the removal of red eye; the removal of superimposed
text; and the removal redundant objects etc. In 2000
SIGGRAPH conference, the idea of digital inpainting
was established by Bertalmio-Sapiro-Caselles-
Ballester [1]. Image inpainting has been expanding
very fast. It is a very important topic in the field of
Digital Image Processing.

Nowadays data exchange has become popular.
Since time and skill are required to do image
inpainting manually, it is important to find an
automatic and fast method. Therefore, different type
of successful inpainting techniques were developed in
last few years. The idea of the computer algorithm of
image inpainting is to fill these missing data with
known data surrounding D. D is the inpainting
domain.
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2. Background

inpamting ./
dmimn

Figure 1. D¢ is the known data and D is the
inpainting domain

2. Background
2.1. Finite difference method

Laplace equation with Dirichlet boundary condition
was considered.

. Yl Il
viu(z) r. 7 T r. = =0 we D

e iy®

u—f on 0D

Now consider the square domain with boundary
conditions;

A — F

Where A is a invertible square matrix. Therefore,
value of ui is given by,

w=A1F

Also, A is a block matrix. So, we can rewrite this
matrix as,

B 0
A I B 1
QO I B

where,
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2.2. Nonlinear diffusion PDE

Here we consider the PDE with Neumann
boundary condition.

()

% —flu), in D >0,
w(z,0) = wuplz), 2z in D,
Ju
r')'_ﬂ (),

ihiy

Here n is the unit inner normal vector. Therefore,
numerical solution of this PDE is,

w1 k) Tk._.-(”(kl; k=10,1,2,3,..
(2.2.1)

where 74, is the step size.

Now we consider the heat diffusion equa-
tion with heat conductivity e(] yu |).

%n Vole(|wu|)wvu) inDt>0
oI

i) 0

=

dn lad

u(z,0) = up(z), s e D

Now apply the anisotropic diffusion equation

3],
Vel wu [) v ou)

Vel vul) - vu+c(| vu |)Au

ug(z) is given by the solution of this PDE,
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Viu(z) =0 ueD
uw—f on oD

Now we are going to solve this non-linear
diffusion PDE using equation( 2.2.1).

Therefore,

w7 (o) wul®) ) v u™)

Where, k=0, 1, 2, 3, ...

ul) = u® — 7 7 +(e(] vu®@ |) v ul?)

where -H,[“]l ()
n v -(el) va ) v ut)
Ty 7 (e] \.-‘"Mm 1) v u“]')

w® — ()

u® — @

We can continue this process and we can
gel a value of w

3. Modified finite difference method
3.1. Initial value

When we find the initial value of the inpainting
domain, we use five point stencil method. So, in our

inpainting domain has m rows and n columns. Then
our image is look like as in Figure 2.

, u_Iu_ij

Figure 2. General 2D grid with n rows and m column

Now consider the general matrix for A for size of
inpainting domain.
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B I O 0
I B I 0
0O I B 0
A |0 0
I B 1

I BT

Where A is a matrix with nm % nm. It

has n number of block matrix in each row and

colummn.

We have the boundary in formation and we have
to find ul, . . ., u9. Normal 5-point method we need
only one adjacent boundary level data. But in this
method, we need two adjacent boundary level data to

fill inside data.

Step 1:
Bl Bl B3 B4 BS B& BT
BE B | BID | BI1l | B1I | BI3 | Bl4
B15S | Blé | Ul uz U3 | B17 | BIR
B19 | B2 | T4 Ué B21 | B22
B2} | B24 | U7 B m B2E | B2&
B27 | B28 | B29 | BM | B3 B32 | B33
B34 | B35 | B3 | BA7 | B28 B9 | B4

iz am x mmatrix. Where m is a number
of colummns in ingide of the grid.

I/lﬂ

01 0
I_
0 10
\ 0 1
(00
00 0
D:
0 00

\ 0 0

When we apply this method to our image,
we did some development. We did image in-
painting technique level by level. That is;

Bl | B2 | B3 B4 | BS | Bé | B7

BE | B | BI0 | B1l | B12 | B1} | B14

B1S | Bl6 | L1 U2 U3 | B17T | B8

RI% | B2 | U4 | US | Us | B21 | B22

B1} | B24 | U7 | UR | US | B2S | H26

B17 | B28 | B19 | BM | B} | B3 | B2}

B4 | B35 | B36 BT | B3O8 | B)9 | B4D

Figure 3. 5-point apply level by level
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Figure 4. 5-point apply to level 1

Using the boundary data (red data) we can
calculate adjacent level data (green data). Here we

apply 5-point stencil method in different way;

For U,

Uy =4By — By — Big — Bia
For U4

Uy = 4By — Big — Big — By
For Ug

Us =482 — Big — Bay — Bas
For Uy

Us = 4Bgg — Bag — By — Bay

Step 2:

We use two different formulas for corner points

and consider the average value. Such as;

For U
Ul =4B1s — By — Bis — Bao
U} = 4By — By — By — By,
Ul + U3
U, = %
For U5
Us = 4By2 — By — By, — Baa
U3 = 4817 — Biz — Bis — Ba
Ui +U?

Us >
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For U

U7 = 4Bay — Bag — Bas — Bag

U7 = 4Bag — Bas — B3y — Bss
1, 72

o GO

For Uy

Ug = 4By5 — Bay — Bag — Bao

Uy =483, — Bag — By — Bas
Ul + U2

U, — 2o . 9

Step 3:
When we are finding next level of data (blue data),
we use the adjacent level data (green data);

- Upg+ Uy 4+ Ug + Us

Us 1

Bl B2 B3 B4 B3 B& BT

BS B9 | B10 | B11 | B12 | B13 | Bl4

B15 | B16 | Ul L2 U3 B17 | B18

B19 | B1O L4 LS Ué B2l | B22

B23 | B4 UT LS e B15 | B26

B27 | B18 | B29 | B} | B3l B3l | B33

R4 B3iS | B34 BY7 Ri8 Bl9 H40

Figure 5. 5-point apply to level 2

Now we compare our method with the existing
method.

Original Image Image with Mask

Five Point Stencil Original Method Image Five Point Stencil Developed Method

Figure 6. Standard 5-point method and modified
5-point method

When we check the two different approaches of 5
point stencil methods, we can see modified method
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PSNR value is larger than that of the standard 5-point
stencil method. So, we use the modified 5-point
stencil method values for our further calculations.

Table 1. PSNR value for standard 5-point method
and modified 5-point method

Standard Modified
5-point method  5-point method
PSNR 29.1787 39.2958

see modified method PSNR value is larger than that of
the standard 5-point stencil method. So, we use the
modified 5-point stencil method values for our further
calculations.

4. Linear iterative PDE method

In 2009, [2] C. K. Chui developed a
multiresolution approximation method for image
inpainting and surface completion. Here they use
partial differential equation of anisotropic diffusion to
know data.

%%‘ = V- (el vuj1|) vuy)in Dt =0
i
ﬁu;i dd 0

(2, 0) = ug(z), z €D

Where j=1, 2, .....
diffusion conductivity.
Here we have a set of linear partial differen-
tial equations. This is also called local image
inpainting method.

and o] vyu?(z) | is the

Now we are going to solve this linear iterative
equations.
when j=1;

%1&1 =7 - (e(| wug |) 7 w) in Dt =0
[#)5
2

on ' oa
uy(z,0) = up(z),

=0
z e D

Now apply the equation for this PDE,
ulY P pl®y R =0,1,2,3, .

Now f(u1) = v - (e(| vuo |) v w)
Therefore,
Y =l v (el vua ) v uf?)
k=0,1,2,3,..
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when k=0
\ '
'H:S ) ulln"' — 19 57 (el| uo |) v u[ln)
where “EU] thy
when  k=1;

ul? = ut? — v (el vuo |) v ug?)

when  k=2;

'ug:” ,Mll‘dl — 1o 7 (el| uo |) 7 'r.-,[lzjj

We can continue this process and we can
get a value of w;. We use this value to find
Uo.

when j=2;

%uz o (el vy |) v ug)in Dot =0
i)
= (
dn " ad )

ua(z,0) = ug(z), z € D

Now consider f(ug) = /- (| syuy |) v usz)
Therefore,
13 e k
uf ™ = uf? — e (el v ) v ug?)
k—0,1,2,3, ...

When k—0;

) = uf’) — 70 v (el v ) v ud”)
where “E!U) g

when k—1;

uf” = uy? — 7 v () v ) v ud?)

when k—2;

ug? = ul) — v (e(| v |) v ud?)

We can continue this process and we can
get a value of ug. We use this value to find
3.

when j=3;

i

';—!'“-;; v+ (ef] ug |) 7 ua) in Dt >0
B

— 0

dn h ad

ua(z,0) = uglz), c D

2
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V- (e(] wua ) vus)

Now consider f(ug)

Therefor,

uf ™ = ul? — 7 v (el vz [) v ul)

k—0,1,23, ..

when  k=l);

uf) = ul?) — 1o (e V2 |) v u”)
'[.Uh("i"(' TI.:[:'J '“.2

when  k=1;

':4:{52] ug” — 71 7 (ef] wuz |) v -u.ﬂ”]

when k=2;

-u;{;” u_.(f]

72 v (el vuz |) v ul?)

We can continue this process and we can get a value
of u3. Using this method, we can solve linear iterative
PDE.

Initial value of the non-linear and linear iterative
PDE method is the 5-point stencil method values.
Using a MATLAB program, we inpainted the
damaged image. Here we compared MATLAB out
puts for different in painting methods with different
diffusion conductivity.

When we compare the inapinted image with the
original image, we use PSNR values. Which is Peak
Signal Noise Ratio. We define PSNR using mean
squared error (MSE) and formula is given by,

MAX
vVMSE

Where MAX is the maximum possible pixel value
of the image.

PSNR = 20 - logn

Case 1: Linear iterative and nonlinear image

inpainting PDE with constant diffusion
conductivity
o gl b et Mk
nage Five Posrd Stencil Constant Deffumecn POE inpaeteyg

Figure 7. Image inpainting methods with constant
diffusion
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Table 2: PSNR value for linear iterative PDE and
non-linear image inpainting PDE with constant
diffusion conductivity

Inpainting  5-point stencil Constant
methods method conductivity
PDE
PSNR 35.5747 29.9493

Here we consider the constant conductivity. That
is,

c(p)= ¢. When ¢ is a constant there is a no
difference between linear iterative PDE and non-
linear PDE.

That is, Linear iterative PDE,

d
Hu=V" (¢) V ui) = cAu;

Non-linear PDE,

d
%t =V" () v u) = cAu

When ¢ is a constant, we have worst inpainted
image. Therefore 5-point stencil method is better than
the constant diffusion conductivity PDE.

Case 2: Linear iterative PDE and non-linear
image inpainting PDE with inverse proportional
diffusion conductivity

Original image

Image with Mask image Five Point Stencil

Non-Linear POE Inpainting  Linear Iterative PDE image

Figure 8. Image inpainting methods with inverse
proportional diffusion conductivity

Here we consider the inverse proportional
conductivity. That is,

c(p)= i

With this diffusion conductivity,diffusion
PDE is called TV inpainting method.

When we use this in MATLAB , we con-
sider

c(p)= ﬁn Because we want to ignore the
value of p=0.
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Table 3: PSNR value for linear iterative PDE and
non-linear image inpainting PDE with inverse
proportional diffusion conductivity

Inpainting  5-point  Non-linear Linear
methods stencil PDE iterative
method PDE
PSNR 30.3192 26.3699 31.9985

We use the 5-point stencil values as an initial value
of Linear iterative PDE and nonlinear PDE. When we
study this table, we can see PSNR value is increase to
5-point stencil method to linear iterative PDE method.
Also, PSNR value of 5-point stencil method to linear
iterative PDE method is decreasing. That is our
inpainted image is worse than the 5point stencil
method inpainted image. Therefore, linear iterative
PDE method gave a better inpainted image.

Case 3: Linear iterative PDE and non-linear
image inpainting PDE with Gaussian diffusion
conductivity

Original Image

Image with Mash image Five Point Stencil

HNon-Linear POE Inpainting  Linear Iterative PDE image

Figure 9. Image inpainting methods with Gaussian
diffusion conductivity

Table 4. PSNR value for linear iterative PDE and
non-linear image inpainting PDE with Gaussian
proportional diffusion conductivity

Inpainting 5-point  Non-linear Linear
methods stencil PDE iterative
method PDE
PSNR 290.9851 27.0343 33.1426

Here we consider the Gaussian Diffusion

Conductivity. That is,
2

c(p)=e i

Here also, we use the5-pointstencilvalues as an
initial value of linear iterative PDE and non-linear
PDE.

When we study this table, we can see PSNR value

is increased to 5-point stencil method to linear
iterative PDE method. But PSNR value of 5-point
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stencil method is decreased in the non-linear PDE
method. That is non-linear method given worst
inpainted image. Therefore, linear iterative PDE
method gave the best inpainted image

Case 4: Linear iterative PDE and non-linear
image inpainting PDE with Lorentz diffusion
conductivity

Driginal mags

Image with Mask Image Five Point Stencil

Non-Linsar PDE Inpainting  Linear Iterative PDE image

Figure 10. Image inpainting methods with Lorentz
diffusion conductivity

Table 5. PSNR value for linear iterative PDE and
non-linear image inpainting PDE with Lorentz
proportional diffusion conductivity

Inpainting  5-point  Non-linear  Linear
methods stencil PDE iterative
method PDE
PSNR 34.7837 29.9902 37.3648
Here we consider the Lorentz Diffusion

Conductivity. That is,

c(p)= H—l;_;

Here also, we use the 5-pointstencilvalues as a
initial value of linear iterative PDE and non-linear
PDE. When we study this table, we have same idea of
previous methods. That is linear iterative PDE method
gave the best inpainted image.

5. Conclusion

In this paper we solved Poisson’s equation using
5-point stencil method. Here we used modified 5-
point stencil method. It gave better results than the
standard 5-point stencil method. Using modified 5-
point stencil method values as an initial condition, we
solve liner iterative and non-linear diffusion PDE.
Also, here we consider different diffusion
conductivity and compare their results. Using a PSNR
value, we can see Linear iterative diffusion PDE
method given the better results. Also, constant
diffusion conductivity PDE had the worst results.
Inverse diffusion conductivity PDE is better than that
of the constant diffusion PDE. But it is worse than that
of the Gaussian and Lorentz diffusion conductivity
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PDE. Gaussian and Lorentz diffusion conductivity
Linear iterative PDE gave the better results for image
inpainting.
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