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Abstract 

This work proposed an Eigen formulation based on the 

complement feature for image filtering. Each pixel is 

represented by a vector composed of local features: 

normalized intensity of the current pixel and that of the 

neighboring pixels. A 2-D array is then created by attaching a 

complement component to each element of the feature vector 

so that each element is a 2-D unit vector. The auto-correlation 

matrix is the computed for each pixel. The first component 

(corresponding to the intensity of the current pixel) from the 

maximum Eigen vector, obtained from the auto-correlation 

matrix, is used to replace the current intensity at each pixel. 

Interestingly, edge detection is a by-product by considering 

the value of the largest Eigen value. Results on different types 

of noise are demonstrated to show the effectiveness of the 

proposed schemes. Comparison with the mean and median 

filters are shown to validate the high performance of the 

proposed scheme. 

Keywords— Image filtering, Noise reduction, Eigen structure, 

Complement feature 

1. Introduction

Image filtering (noise reduction) is an essential step 

required by many image processing and computer vision 

tasks. The topic is so vast that almost every scheme in 

any area in image processing can end up in performing 

some filter-like operations. 

Hence, this work will not elaborate on the vast 

research work in this field. However, to the best 

knowledge of the author, no work has been reported 

using the current scheme in image filtering. 

In this paper, image filtering is based on an Eigen 

structure recently proposed [1]. As will be demonstrated 

in the next section, the noisy values are replaced by a 

component from the Eigen vector corresponding to the 

maximum Eigen value. The Eigen formulation is 

constructed from the neighborhood od each pixel. 

2. Mathematical Derivations

Without loss of generality, the image is normalized 

to [0,1] (or [–1, 1]). Intensities of all the pixels in any 

nxm (e.g. 3x3) neighborhood are concatenated to 

produce a column vector of size Nx1, N=mn. For 

simplicity, each pixel can be represented using a subset 

of its 8-neighborhood. For ease of notation, a description 

will be given for using two neighbors; extension to more 

neighbors can be easily generalized. This representation 

is then extended to be of a “unit” vector type given by 

𝐺 = [

𝑔𝑖,𝑗 𝑔𝑖−1,𝑗 𝑔𝑖,𝑗−1

√1 − 𝑔𝑖,𝑗
2 √1 − 𝑔𝑖−1,𝑗

2 √1 − 𝑔𝑖,𝑗−1
2 ]  (1) 

G is now an 2xN array, where N is the size of the 

neighborhood selected. An auto correlation matrix (AG) 

of size 2x2 is then constructed from G as 

𝐴𝐺 = 𝐺𝐺𝑇 (2) 

Solving the Eigen formula, 

𝐴𝐺𝑉 = 𝜆𝑉 (3) 

The Eigen vectors of AG represent the axes of inertia 

for the data set. The largest vector Vmax (corresponding 

to the maximum Eigen value λmax) points toward the 

direction of maximum inertia [1]. The first component 

of Vmax, corresponding to the intensity, is used to replace 

the intensity value of the current pixel and hence 

filtering is performed. 

It should be emphasized that the procedure is 

repeated for all pixels in the image. The resultant Eigen 

vector should be adjusted to have the second component 

positive as can be concluded from Eq.(1). 

In some cases, a marginal improvement can be 

obtained by using the L2-norm of the first row of Eq.(1). 

Better results, especially for impulse noises, were 

noticed when the first row of Eq.(1) is normalized to 

[0,1] with renormalization on the resultant value of 

Vmax. 

Effectively, there can be many schemes depending 

on the number of neighbors included. A higher 

dimensional paradigm is also possible by using powers 

(not necessarily integers) of the pixel intensity and/or its 

neighbors. In addition, few iterations may help. 

Interestingly, as a candidate for edge detection, the 

following features can be used 

𝑝𝜆 =
𝜆𝑚𝑎𝑥

𝜆𝑚𝑎𝑥+𝜆𝑚𝑖𝑛
(4a) 

𝑣𝜆 =
√𝜆𝑚𝑎𝑥

√𝜆𝑚𝑎𝑥+√𝜆𝑚𝑖𝑛
(4b) 

The reason is that high values of vλ (pλ) indicate 

majority dominance, meaning all pixels are almost 

identical. While low values indicate a significant minor 

process, thereby two regions. Hence, the value of vλ (pλ) 

can be used in a second iteration to refine the filtered 

image; however, the experiments did not show any 

significant improvement. More iterations may be 

needed to improve the resultant edges. Unfortunately, 

normalizing the first row of Eq.(1) to [0,1] is not helpful 

for the edge detection scheme. 

The scheme in Eq.(1) can be extended in many ways 

to include more features. Some suggestions are as 
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follows (keeping in mind the neighborhood selected); 

only one column will be displayed to save space:  

𝐺 = [

𝑔𝑖,𝑗

1

√1 − (1 + 𝑔𝑖,𝑗
2 )/2

]  (5a) 

𝐺 = [

𝑔𝑖,𝑗

√1 − 𝑔𝑖,𝑗
2

1

]  (5b) 

We can also incorporate the location within the 

neighborhood [–1,0,1] (or [0,0.5,1]) 

𝐺 =

[
 
 
 
 

𝑔𝑖,𝑗

𝑥𝑖,𝑗

𝑦𝑖,𝑗

√1 − (𝑔𝑖,𝑗
2 + 𝑥𝑖,𝑗

2 + 𝑦𝑖,𝑗
2 )/3

]
 
 
 
 

 (5c) 

𝐺 = [𝑔𝑖,𝑗 𝑥𝑖,𝑗 𝑦𝑖,𝑗 √1 − 𝑔𝑖,𝑗
2 √1 − 𝑥𝑖,𝑗

2 √1 − 𝑦𝑖,𝑗
2 ]

𝑇

(5d) 

We can add powers (not necessarily integers) of the 

neighborhood intensity values 

𝐺 =

[
 
 
 
 
 

𝑔𝑖,𝑗

𝑔𝑖,𝑗
2

√𝑔𝑖,𝑗

√1 − (𝑔𝑖,𝑗
2 + 𝑔𝑖,𝑗

4 + 𝑔𝑖,𝑗)/3]
 
 
 
 
 

 (5e) 

𝐺 = [𝑔𝑖,𝑗 √𝑔𝑖,𝑗 𝑔𝑖,𝑗
2 √1 − 𝑔𝑖,𝑗

2 √1 − 𝑔𝑖,𝑗 √1 − 𝑔𝑖,𝑗
4 ]

𝑇

(5f) 

Many schemes are possible by mixing or further 

extending any item in Eq.(5). It should be noted that the 

number of Eigen values(vectors) for Eq.(5a – 5f) is now: 

3, 3, 4, 6, 4, and 6 respectively. Another observation is 

that the Eigen values represent power; hence, their 

square root should be investigated. It is important to 

scale back the resultant Eigen vectors to the original 

formulation used in Eq.(5). Although the scaling back 

can be compensated for from the Eigen values for 

Eq.(5a), Eq.(5c), and Eq.(5e), not as straightforward for 

Eq.(5b), Eq.(5d), and Eq.(5f), its influence was not 

noticed for all the cases presented in the experimental 

results. 

The performance can be assessed through the 

traditional root mean square error (RMSE) given by 

( )
2

,

1
m n mn mnRMSE x y

x
−=                (6) 

where, x and y stand for original and segmented images, 

and ||x|| is the cardinality of the set. Adjustment should 

be placed when the range of images are different. In 

addition, it is unfair to compare performance between 

images having different number of segments. 

Another evaluation scheme is the SSIM given by, 

[2]: 

𝑆𝑆𝐼𝑀 =
2𝜇𝑥𝜇𝑦+𝐶1

𝜇𝑥
2+𝜇𝑦

2+𝐶1

2𝜎𝑥𝑦+𝐶2

𝜎𝑥
2+𝜎𝑦

2+𝐶2
             (7) 

where, µ is the mean, σ2 is the variance, C1 = 0.0001, 

C2 = 0.0009,  and σxy is the covariance between x and y. 

For better discrimination, x and y are the corresponding 

rows (columns) in the original and filtered images. 

 

3. Experimental results 
 

Figure 1 shows the image used for testing, Pepper. 

[0,1] normalization will be assumed henceforth. The 

image of vλ and pλ (not thresholded) are included for the 

noise-free case in Figure1 as a by-product. Eq.(1) is 

implemented using the 8-neighbors of each pixel with 

the first row normalized to [0,1]. The proposed scheme 

is simply to replace the intensity of each pixel with the 

x-component of Vmax. The resultant images of the 

proposed scheme are shown in Figure 2 (Additive 

Gaussian noise), Figure 3 (Salt and Pepper noise), 

Figure 4 (Speckle noise), and Figure 5 (Impulse noise). 

The results using the mean and median filtering are also 

included in each case for comparison. Table 1–2 list the 

values of RMSE and SSIM respectively. 

As shown in Table 1–2, the results are encouraging. 

In fact, the proposed scheme is comparable to the mean 

and better than the median for Gaussian noise (both 

additive and multiplicative). However, for Salt and 

Pepper noise, the proposed schemes are better than the 

mean but inferior to the median. 

 

   
 

Figure 1: Test image Pepper, pλ, and vλ 
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Figure 2: (left to right): Noisy(Additive Gaussian, N(0,0.05)), Mean, Median, and Proposed. 

 

    
Figure 3: (left to right): Noisy(SaltandPepper with density of 0.05), Mean, Median, and Proposed. 

 

    
Figure 4: (left to right): Noisy(Specle, multiplicative Gaussian, N(1,0.05)), Mean, Median, and Proposed. 

 

    
Figure 5: (left to right): Noisy(Impulsive with density of 0.1), Mean, Median, and Proposed 

 

 

Table 1:  Comparative results using RMSE for the proposed scheme using [0,1] normalization 

 

Method Noisy Mean Median Proposed 

+N(0,0.05) 0.201 0.076 0.094 0.082 

S&P(0.05) 0.125 0.050 0.021 0.023 

*N(1,0.05) 0.100 0.042 0.048 0.043 

Impulse(0.1) 0.195 0.090 0.029 0.032 

 

Table 2:  Comparative results using SSIM (mean/std) for the proposed scheme using [0,1] normalization. 

Method Noisy Mean Median Proposed 

+N(0,0.05) 0.668/0.084 0.932/0.024 0.906/0.033 0.926/0.027 

S&P(0.05) 0.844/0.055 0.970/0.011 0.995/0.003 0.994/0.003 

*N(1,0.05) 0.899/0.030 0.980/0.007 0.974/0.008 0.979/0.007 

Impulse(0.1) 0.695/0.096 0.932/0.028 0.990/0.010 0.988/0.010 

 

To further illustrate the effectiveness of the 

proposed scheme, Eq.(1) is used without 

normalization. Three iterations are implemented for 

the proposed scheme as well as for the mean and 

median filters. The resultant images are shown in 

Figure 6 (Additive Gaussian noise), Figure 7 (Salt and 

International Journal Multimedia and Image Processing (IJMIP), Volume 11, Issue 1, 2021

Copyright © 2021, Infonomics Society | DOI: 10.20533/ijmip.2042.4647.2021.0063 513



Pepper noise), Figure 8 (Speckle noise), and Figure 9 

(Impulse noise). Table 3 shows the SSIM values for the 

results of these iterations. 

Comparing Table 2 and Table 3 indicates that the 

normalized version performs better than the non- 

normalized one in terms of filtering, keeping in mind the 

increased blurring. However, the opposite is true for 

edge detection. Table 3 clearly shows that improvement 

can be attained by iterating the proposed scheme. 

 
Table 3:  Comparative results using SSIM (mean/std) for the iterated non-normalized proposed scheme 

 

Method Noisy Mean Median Proposed 

+N(0,0.05)-I1 0.670/0.083 0.933/0.023 0.907/0.033 0.932/0.024 

+N(0,0.05)-I2  0.955/0.015 0.940/0.022 0.961/0.015 

+N(0,0.05)-I3  0.961/0.014 0.950/0.019 0.967/0.013 

S&P(0.05)-I1 0.843/0.056 0.970/0.012 0.994/0.004 0.985/0.007 

S&P(0.05)-I2  0.977/0.009 0.994/0.004 0.989/0.006 

S&P(0.05)-I3  0.978/0.010 0.993/0.005 0.988/0.007 

*N(1,0.05)-I1 0.900/0.030 0.980/0.007 0.974/0.009 0.980/0.007 

*N(1,0.05)-I2  0.984/0.007 0.981/0.007 0.985/0.007 

*N(1,0.05)-I3  0.983/0.008 0.983/0.007 0.985/0.008 

Impulse(0.1)-I1 0.693/0.098 0.930/0.029 0.989/0.010 0.959/0.020 

Impulse(0.1)-I2  0.950/0.019 0.993/0.005 0.982/0.008 

Impulse(0.1)-I3  0.954/0.017 0.992/0.005 0.984/0.008 

 

     
 

Figure 6: (left to right): Noisy(Additive Gaussian, N(0,0.05)), Mean, Median, Proposed, and pλ. All images are after 3 iteration 

except for the original noisy image 

 

     
 

Figure 7: (left to right): Noisy(Salt and Pepper with density of 0.05), Mean, Median, Proposed, and pλ. All images are after 3 

iteration except for the original noisy image 

 

     
 

Figure 8: (left to right): Noisy(Specle, multiplicative Gaussian, N(1,0.05)), Mean, Median, Proposed, and pλ. All images are after 

3 iteration except for the original noisy image 
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Figure 9: (left to right): Noisy(Impulsive with density of 0.1), Mean, Median, Proposed, and pλ. All images are after 3 iteration 

except for the original noisy image 

 

In general, it is noticed that the proposed scheme can 

outperform both the mean and median filtering 

regardless of the noise type. However, the 

computational cost is higher. 

Some of the possible images resulting from using 

Eq.(5) applied to impulsive noise (with 0.1 density) are 

shown in Figure(10) – Figure(16). The displayed images 

in these figures are: first component (negative values are 

set to zero) of all Eigen vectors, complement of the last 

component of all Eigen vectors, all components of Vmax, 

all Eigen values, all normalized (to their sum) Eigen 

values, and the square root of all Eigen values. 
Some images are (partially) redundant due to 

similarity with others. Nevertheless, keeping in mind the 
orthogonality of Eigen vectors, there may be some non-
correlated components. Although no general rule can be 
concluded to all cases, it is intuitive to suggest that some 

sort of combination can be obtained to further improve 
the performance. It is clear, see Figure 10 – Figure 16, 
that an edge map (as a by-product) can be obtained. 
Unfortunately, more iterations are needed to obtain an 
edge map for the Gaussian noise case. 

 

4. Conclusion and Future Work 
 

A simple algorithm is proposed in this paper to 

perform image filtering. The proposed schemes are very 

effective as demonstrated by the values of RMSE and 

SSIM. 

As a by-product, an edge detection scheme can be 

implemented using a slight modification to the proposed 

scheme. More than one iteration may be needed (noise 

type dependent) to gain a useful edge map. 
 

 

     

     
 

Figure 10: Applying Eq.(5a) to a noisy image (impulsive with 0.1 density). First row (left to right): All three Eigen values 

(SSIM=0.931 for λmax) followed by their normalized values. Second row (left to right): (Eigen values)1/2 (SSIM=0.936 for λmax) 

followed by their normalized values 
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Figure 11: Applying Eq.(5b) to a noisy image (impulsive with 0.1 density). First row (left to right): first component of the 3 

Eigen vectors, Vmax has SSIM=0.941 followed by the complement of last component of all vectors. Second row: Eigen values 

followed by their normalized values. Third row: (Eigen values)1/2 followed by their normalized values (SSIM=0.941 for λmin) 

 

   

   

   

   
Figure 12: Applying Eq.(5c) to a noisy image (impulsive with 0.1 density). First row (left to right): first component of the 4 

Eigen vectors, Vmax has SSIM=0.819. Second row: complement of last component of all vectors. Third row: Eigen values. Fourth 

row: (Eigen values)1/2 

 

 
Figure 13: Results (Impulsive with density of 0.1) using Eq.(5c) (left to right): the components of Vmax excecluding the first and 

last 
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Figure 14: Applying Eq.(5d) to a noisy image (impulsive with 0.1 density). First row (left to right): first component of the 6 

Eigen vectors, Vmax has SSIM=0.950. Second row: Eigen values. Third row: normalized (Eigen values)1/2 

 

   

   

   
Figure 15: Applying Eq.(5e) to a noisy image (impulsive with 0.1 density). First row (left to right): first component of the 4 

Eigen vectors, Vmax has SSIM=0.824. Second row: Eigen values (SSIM=0.908 for λmax). Third row: (Eigen values)1/2 

(SSIM=0.960 for λmax) 

 

     

     

     

    
Figure 16: Applying Eq.(5f) to a noisy image (impulsive with 0.1 density). First row (left to right): first component of the 6 Eigen 

vectors, Vmax has SSIM=0.959. Second row: Eigen values. Third row: (Eigen values)1/2. Fourth row: components of Vmax 

excecluding the first 
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Work is currently in progress to extend the algorithm 

to filter colored images. Combining the information 

from the Eigen vector(s) and value(s) can improve the 

performance even more. 

More elaboration is needed on the best aggregation 

used. In particular, how many neighbors are required? 

What powers are essential? or even a combination of 

both. The possibilities are so vast that a separate work 

will be devoted to address them. 

The component added to obtain a unit vector in 

Eq.(1) can be generalized to any fuzzy complement. 

However, more work is needed to find the best formula 

and whether improvements can be attained, see [1] for 

some suggestions. 
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